What are the shapes of the triangles?

(1) Given 12, 15, 20 be the sides of the triangle AABC. If we use \
the altitudes h,, hy and hc of AABC as lengths to construct

another AXYZ. What kind of triangle is AXYZ ? / \\
'y \\

Method 1

s=2(ha+hy+h) =2(12+15+20) ==
By Heron Formula, the area of AXYZ, S is

S = JSG—RIG—h)G 1o = [7(2 - 12) (£ - 15) (£ - 20) = T
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Hence h, =  hy =2 = h, = 25 = /128639
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hy”+he” = 15 + 10 ~ T 36

h2 = V1286392 128639
a = 6 T 36

. hbz + hc2 _ ha2
By the Converse of Pythagoras Theorem, AXYZ s a right angled triangle.
Obviously AXYZ is scalene, since all three sides h,, h, and h, are different.

The calculation of the exact length of the altitudes may be difficult. A better method is shown

below.

Method 2

Let S bethe area of the triangle, then S = %ha(lz) = %hb(15) = %hC(ZO)

hyhyih, = —i—:—=22.2.9_15.4.3 = h, =5k, hy, = 4k, h. = 3k
12 15 20 12 15 20

Since  hy* + h.* = (4k)? 4 (3k)? = 25k? = h,?
By the Converse of Pythagoras Theorem, AXYZ s a right angled triangle.
Obviously AXYZ is scalene, since all three sides h,:hy:h, = 5:4:3 and are different.

(2) Giventhat a,bandc arethethreesidesof AABC,
If c?(a? +b? —c?) =b?(c? +a? — b?) , then what kind of triangleis AABC ?

c?(a? + b% — c?) = b?(c? + a® — b?)
c?a? + b%c? —c* —b%c? —a’b? +b* =0



b* —c* —a?(b?*—-c?) =0

(b%2 +c?)(b?—c?) —a?(b?>—-c?) =0

(b%2—c?H)(?*+c?2—-a?)=0

(i) If b>—c?=0, b2=c% b=c,then AABC isisosceles.

(i) If b>+c?>—a?=0,then a?=b?%+c? .

By the Converse of Pythagoras Theorem, AABC is a right angled triangle with ZABC =90°.

cosA+2cosC __ sinB
cosA+2cosB  sinC

(3) In AABC,if , then what is the shape of the triangle ?

Method 1

cosA+2cosC _ sinB
cosA+2cosB  sinC

Use Cosine Law and Sine Law for

b%+c?-a?  _a?+b?-c?

2bc 2ab__ _ E
bZ+c2-a%  _aZ+cZ-b?
2bc 2ac

a(b®+c?-a*)+2c(a®+b?~c?) b

a(b?+c2-a2)+2b(a?+c2-b?) ¢

ac(b? + ¢ —a?) + 2c?(a? + b? — c?) = ab(b? + c? — a?) + 2b?(a® + c2 — b?)
a(b?+c?—a?)(c—b) +2[a%(c? —b?) — (c* —=bH] =0

(c—b)[a(b? +c? —a®)+2(c+b)(@—-c?—-b?)] =0
(c=b)(b?+c?—a®)(a—2b—2c)=0

Since by Triangular Inequality, 2b+2c>2a>a = a—2b—2c #0.
~c=b or b?+¢? =2a?

Therefore AABC s anisosceles triangle or a right-angled triangle with ZA as right-Z£ .

Method 2

cosA+2cosC __ sinB
cosA+2cosB  sinC

cosAsinC+ 2sinCcosC = cosAsinB + 2sinBcosB
cosAsinC + sin2C = cosAsinB + sin 2B
cos A (sinC — sinB) + (sin 2C —sin2B) = 0

cosA [Zcos (C;—B) sin (C;—B)] —2cos (C+B)sin(C—B) =0

cosA [Zcos (y) sin (C;—B)] — 2cos (180°— A) sin(C—B) =0



cosA [Zsin (%) sin (C;—B)] + 2cos A [ 2sin (C;—B) cos (C;—B)] =0
2cos A sin (C;—B) [sin (%) + 2 cos (C;—B)] =0

cosA =0or sin(C;—B) =0 or sin (g) + Zcos(C;—B) =0

(i) If cosA=0,then 2£A =90°, AABC isaright-angled triangle.

(ii) If sin (C;—B) =0, then C;—B =0, 2C=2«B and AABC isanisosceles triangle.

o _A R . (A
(iii) (a) 0°<2<90° = sin (E) >0
(b) —90° < <=8 < 90° = 2 cos (ﬂ) >0
2 2

(c) sin (g) + 2 cos (C;—B) +0
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